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3.1. Random variables.

Definition 3.1. A random variable (r.v.) assigns numerical values to the out-
come of a random phenomenon.

Notation:
A random variable is usually denoted with a capital letter such as X, Y, or Z.

Coin tose example: X=q4 it ‘oss heads
Example 3.2. Data points X=-A \Q— toss m\s

Suppose you have a dataset of size 3 (n = 3) with vy = 5,29 = 3, and x5 = 6.

e Each data point is the outcome of a random phenomenon

e Each data point is a numerical value

e The data points are examples of values of a sequence of random variables
Xl, X2, and Xg

e For datasets, we almost always assume the data points came from random
variables that are independent and have the same distribution.

e To calculate the likelihood of data, we need to know the distribution of the
random variable that models the data.

e First, let’s remind ourselves how to calculate them mean and variance of a

dataset: Average.
— What is the mean of the data points?

ixt = X +Xp 4 X3 5 43+6—

-

. : = 467
- What are the variance and standard deviation of the data points?
Variance = $* < 2 (% -xY (s 1% Y w oy 1y
T A - 5‘3 )+(3'}- )""[6"‘3-)
n-1 31
= A33units”

D= s =\ s* &&% = {.G3 ynts




2

Example 3.3. Rolling a die
Suppose you roll a fair die. Let the random variable (r.v.) X be the outcome of the
roll, i.e. the value of the face showing on the die.

(1) What is the probability distribution of the r.v. X ?
x| 4 |2 131456 IP(X:KB:Z‘_
PRl Yo | | e 1% 1'% 1%
foe 54,2, 6

expected valye
(2) What is the expected outcome of the r.v. X ?

\0\)5\5\'\"\754 - 14—;)4—34—‘{— +5 +f - 31—: 35 /N:;Z‘\jle
average 6 6 putwme )

= A% 2 (Vo) 3 (Vo) 4 (Vo) +5 (1) + 6 (Ye)

(3) Now suppose the 6-sided die is not fair. How would we calculate the expected
outcome?

expected value
PIX=x)] = 4 (0.10)+2(0.20)+3(0.05) +4(p.05)

0.10
020 ) cero +5(0.2 ‘5'\ + 6[ D. 353
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(From Textbook § 2.1.5)

Definition 3.4. A probability distribution consists of all disjoint outcomes and
their associated probabilities.

Rules for a probability distribution
A probability distribution is a list of all possible outcomes and their associated
probabilities that satisfies three rules:

(1) The outcomes listed must be disjoint.
(2) Each probability must be between 0 and 1.
(3) The probabilities must total to 1.

Probability distributions are usually either discrete or continuous, depending
on whether the random variable is discrete or continuous.

3.
(Back to Textbook § 3.1.1) (L

Definition 3.5. Adiscrete r.v. X takes on a finite number of values or countably
infinite number of possible values. DS /9 ital s

Definition 3.6. A continuous r.v. X can take on any real value in an interval of

values or unions of intervals. my ht
Normal distribution Aisti bution -@Awdw

\ ¢ &)
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§ 3.1.2 Expectation %r A,Lsc, (a‘ff, rQV\AUYV\ \’W\Oles (Y‘.\l. ',S>

e We call the mean of a random variable its expected value
e The expected value is calculated as a weighted average

Definition 3.7. Expected value of a discrete random variable

If X takes on outcomes xy, ..., ¥}, with probabilities P(X = xy), ..., P(X = y),
the expected value of X is the sum of each outcome multiplied by its corresponding
probability:

}L E&l=1 W[X x) %, P(X=%2) +.. + 3, PE=A)
“ mh“ Z x P(F=x0)

§ 3.1.3 Variability of random variables

e Just like with data, the variability of a r.v. is described with its variance or
standard deviation.

e Squared deviations from the mean are weighted by their respective prob-
abilities

Definition 3.8. Variance of a discrete random variable
If X takes on outcomes w1, ..., T with probabilities P(X = x1), ..., P(X = a3)
and expected value ,u = E(X), then the variance of X, denoted by Var(X) or o2,

s> =\ [E): Z/xt Wy P(Z=:)

“sx\m“ = (%) P(X= )+ (X W) P (Zerr) +

(Xuﬁ'}-*\ P(K‘ Xk\

Definition 3.9. Standard deviation of a discrete random variable
The standard deviation of X, labeled SD (X)) or o, is
/ ) S=samfe sp

5 = SOE)- &\Ia\r (x) q = popwletion <D
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Example 3.10. Rolling a fair die: variance
Suppose you roll a fair 6-sided die. Let the random variable (r.v.) X be the outcome
of the roll, i.e. the value of the face showing on the die. |

Find the variance and standard deviation of X . G 2 2(7( - /A\%Q‘)(Xz 9(")
=

x| P(X = 1) (%L-}*\?’ P(X:Kl\
1 16 “ -35) - e

2| 16 * (2‘3-5\2' ‘ 1/6
3 16 |t (3-39)" - o
4| 16 v (k-38) - 1/@,
s\ s |+ (5-35) - Vg
6| 16 | (6-3.5)2 Y/

'3

Totah 97l 9L = 2 (’CL'35)L' Ye
(=1

S fXG"’ ={2.92 = 1. H




6

Class discussion .
Example 3.11. Vaccinated people testing positive for Covid-19

About 25% of people that test positive for Covid-19 are vaccinated for Covid-19.
Define the r.v. X to be 1 if someone that tests positive is vaccinated and 0 if they
are not vaccinated.

(1) Make a table for the probability distribution for the r.v. X

(2) What is the expected value of X ?

(3) What is the variance of X ?



§ 3.1.4 Linear combinations of random variables

bne 9= M onstants Bampe: X

Definition 3.12. Linear combinations of random variables. - < X,
If X and Y,“are random variables and a and b are constants, then izl

/C,o{ A
X +bY+ ¢ 2 +d SRR

is a linear combination of the random variables.

Theorem 3.13. Expected value of a linear combination of random variables.
If X andY are random variables and a and b are constants, then

[E[QX +\D\(’l = Q E{X]-&—\DE{\(] ZQ}AK+\OMY
— >
E (,KX *—\D’) = O\‘E{XJ b E&lli E{Z]t

Example 3.14. Expected money for rolling 3 dice

Let the random variables X, X5, X3 be the values shown on 3 fair 6-sided dice rolls.
Suppose you are given in dollars the amount of the first roll, plus twice the value of
the second roll, plus 4 times the value of the third roll.

How much money do you expect to get?

M- Money we 3@* from 3 wolls

M= - X, +2X,t4 X,

E(M] = E{Z«%Ez*‘rzﬂ 2 Unewrit»] property
= (ELKD*J‘EV_XA*%EB;J
354 9\(3.‘53\—%(353

3 (2.5)

$ 04.S0

«
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Make sure to correct typo in textbook!!!

3.1. RANDOM VARIABLES 145

3.1.4 Linear combinations of random variables

Sums of random variables arise naturally in many problems. In the health insurance example,
the amount spent by the employee during her next five years of employment can be represented as
X1+ X,+ X3+ X4+ X5, where X; is the cost of the first year, X, the second year, etc. If the employee’s
domestic partner has health insurance with another employer, the total annual cost to the couple
would be the sum of the costs for the employee (X) and for her partner (Y), or X + Y. In each
of these examples, it is intuitively clear that the average cost would be the sum of the average of
each term.

Sums of random variables represent a special case of linear combinations of variables.

LINEAR COMBINATIONS OF RANDOM VARIABLES AND THEIR EXPECTED VALUES

If X and Y are random variables, then a linear combination of the random variables is given
by
aX +bY,

where a and b are constants. The mean of a linear combination of random variables is

E(aX+bY)=aE(X)+bE(Y)=aux +buy.

The formula easily generalizes to a sum of any number of random variables. For example, the
average health care cost for 5 years, given that the cost for services remains the same, is

[La
Xl +X2 +X3 +X4+X5 x ) 5E(X1/)3(5)(1010) $5 050.
= EE&]’fE[J_&]* . -»Efz o\ \Wave SCuN\e, ched \a\ue

The formula implies that for a ra om varlable Z,E(a+Z)=a+E(Z). This could have been
used when calculating the average health costs for the employee by deflnlng a as the fixed cost of
the premium (4 = $948) and Z as the cost of the physician visits. Thus, the total annual cost for a
year could be calculated as: E(a+Z)=a+ E(Z) = $948 + E(Z) = $948 +.30(1 x $20) +.40(3 x $20) +
.20(4 % $20) +0.10(8 x $20) = $1,010.00.



Theorem 3.15. Variance of a linear combination of random variables.
If X andY are INDEPENDENT random variables and a and b are constants, then

Var [a X+9Y) = a? Var &) +o" Var ()
Nar (ax v\ = o Nar (X)

Example 3.16. Variance of money for rolling 3 dice
Let the random variables X1, X9, X3 be the values shown on 3 fair 6-sided dice rolls.

Suppose you are given in dollars the amount of the first roll, plus twice the value of
the second roll, plus 4 times the value of the third roll.

What are the variance and standard deviation of the amount you get from the 3 rolls?
M= totad amount from 3 rolls
M= X, +QX, +4 X,
3>= Var (MY = Nar (X, +3X, +6X5)
= \Nae (Z) + I Nar () \ar (33)

-8t =fphar AN (XN = A (2.42) = 61. 1) &

_83.83
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Qlase discussi
Example 3.17. Vaccinat\eoaspeo%le tebsténsg g(\)/;itive for Covid-19 (revisited)

About 25% of people that test positive for Covid-19 are vaccinated for Covid-19.
Define the r.v. X; to be 1 if someone that tests positive is vaccinated and 0 if they

are not vaccinated.
Suppose 3 people have tested positive for Covid-19 (independently of each other).
Let T' denote the number of people that are vaccinated amongst the 3 that tested

positive.
(1) Using the r.v’s X, write a mathematical equation for calculating T'.

(2) What is the expected value of T'?

(3) What is the variance of T'?

(4) What is the probability distribution of T'?



11
3.2. Binomial distribution.
e Many situations involve modeling independent random events that have
2 possible outcomes (binary), such as
— Repeatedly flipping a coin
— Whether a person that tested positive with Covid-19 is vaccinated or
not

e Repeated events are referred to as trials X-1 X=0
e The 2 possible outcomes are referred to as successes and failures.
e We denote the probability of a success as p.
e We denote the probability of a failure as ¢ = 1 — p.

3.2.1. Bernoulli distribution.

Definition 3.18. Bernoulli random variable.

If X is a random variable that takes value 1 with probability of success p and 0 with
probability 1 — p, then X is a Bernoulli random variable.

X -X
x ) o |1 i?(Zrﬁ(\f'P (‘l—p\ %r()(:ol"
R 1-pg |
e We call the probabl ity ofsuccess p the parameter of the Bernoulli distri-
bution.

e Each value of p identifies a specific Bernoulli distribution out of the family
of Bernoulli r.v’s where p is any value between 0 and 1 (inclusive).
e If arv. X is modeled by a Bernoulli distribution, then we write in short-

" X~ RBerw C\?\

Theorem 3.19. Mean and SD of a Bernoulli r.v.
If X is a Bernoulli r.v. with probability of success p, then

}HHX}P B\ 2 A PR= x\
GL—\lm(z\-P 1- p\ gy oL
= (D (X) =\p i %
\IM(X\: %('x;,—}x\‘?(xf x) = (1-p) p + (D-p) ~p)
: @'P\L?*PL["'P\ S (4 -P) P (‘“V/*T;) = (A-p)p
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3.2.2. Binomial distribution.

Recall Example 3.17
e About 25% of people that test positive for Covid-19 are vaccinated for
Covid-19.
e Define the r.v. X; to be 1 if someone that tests positive is vaccinated and

0 if they are not vaccinated. %, 5., % <y  eadh Fi ~ Bern (p=.25)
0

e Suppose 3 people have tested p05|t|ve for Covid-19 (independently of each
other).

e Let 7" denote the number of people that are vaccinated amongst the 3 that
tested positive.

The random variable 7" above is an example of a Binomial random variable.

In general, a random variable X is Binomial if the following hold:

(1) The trials are independent.

(2) The number of trials, n, is fixed.

(3) Each trial outcome can be classified as a success or failure.
(4) The probability of a success, p, is the same for each trial.
(5) The r.v. X is the total number of successes in the n trials.

Definition 3.20. Distribution of a Binomial random variable.

Let X be the total number of successes inn independent trials, each with probability
p of a success.

Then probability of observing exactly k successes in n independent trials is

B N 73 n- _ Mm R‘%
=\ - : Lor k=0, 1,2, ...
P(K \Q>V\ o\noos’e,‘)w“ P\ | k=04, L M\wla{w\ﬂ

@/\ T\Z_T whexe w:= - (n-A): (n-2) ...

e The parameters of a binomial distribution are p and n. —X Q‘V\ ’Yl
e Ifarv. X ismodeled by a binomial dlstrlbutlon then we write in shorthand

| ¢— Foi] <&
“AA hub\oose, \X_‘_ _:E” R / 0 Qe \als
n0-)-(n2) (n=le).le !
V\ U‘\O\\S res»\\hs O 1 O 4 ( )
Wa Suess. — 7 (- AT ,q‘,,,) k



Theorem 3.21. Mean and SD of a Binomial r.v. € ~ n trigd
If X is a binomial r.v. with probability of success p, then $

= ExL= mp
§ 7= \ar (K)= mp (1-p)
G = SD(X) =\ wp (1-p)
1
W\Nﬁ' X = +1>\+0v\ e o% saccesses m M ]MQ/P-WS

=2 X, wwere X v Beyn (P\
v (independent

EB)-E(320 - SE0x) - Zp <mp
o ()= Vor( Z32) < 3 () = 2 pUp)=anplicp
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Example 3.22. Vaccinated people testing positive for Covid-19 (revisited)
About 25% of people that test positive for Covid-19 are vaccinated for Covid-19.
Suppose 10 people have tested positive for Covid-19 (independently of each other).

Let X denote the number of people that are vaccinated amongst the 10 that tested
positive.

r(1) What is the expected value of X ? X ~ B In ("l =1 0} 'P: 0.7«5)

(2) What is the SD of X ?

Class discussion

|

]

(3) What is the probability that exactly 4 of the 10 people that tested positive are

vaccinated? X"/ BW‘ [’YI"’D, P:’D..ZS)
\ Plx-2)= (1) fas)* (.45\“’“’}: % ( 25) " (95)*

P 1)
'F”\,UOM\Z,N.,“
E e\ ol pbow” ‘
P(X<¢)" [dbinow (%f 4,S1ze =10, P‘ro\o: Osz
1

| " P
Aistripu on

P(L=1)\ = dbinows [ le, Sae =, s )



.X’VBm[r\"'IO =0, 253
(4) What is the probability that at most 3 of the 10 people that tested positive are
123 46 6 F & 3 10
PE ‘«%\ = \?(x=ch+ P(X=1) + R (X-2) +P(x=3)
Z P (X
& e %jﬁ
&0\ a5 3] |
D 123 &¢%g--

()55 )5 )3

R calewlotion
“)(Ié 3\: »()\ow\ow\ (q =9 ) g\%e,:{bl 1)(‘0\9 <0.2%) - 0.:'17.5-j
)\OW&T.W\:TRUE

?
vaccinated: O

(5) What is the probability that at least 5 of the 10 people that tested positive are
Mae Hun S = P(X>5)

P (X=9)- © 1223245638310
P(x=5): P(Z- e\ﬂ?(z VP (B =8\ +P(X=4) +R(E=10)

f P(X<) - Z (*°).a5" 35"

(“’\ AT 35 (“’\ a5t 35" v (1) 05" 95"

vaccinated?

R caleulation 13\0'movv\

Option! P (X 25\ =ADP (XL })
=1-phinow (a4 ¢ize =10, prob= 25
)

TRUE & FALSE

0.01%1 >t
e case sensriive
= uce ALL CAPS

Option ). P(2>5)= P(X>4)
p\o'\V\ovv\(q— 4 | s12e=10, prob =.25,
0.038A lower Fail = F’A'I/SF\)

[Tl



